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Three-dimensional large-eddy simulations of flows past cavities are performed by solving a generalized lattice-

Boltzmann equation, which is based onmultiple relaxation times. To incorporate subgrid-scale turbulence effects in

this equation, its hydrodynamic relaxation time scales are modified by the eddy viscosity Smagorinskymodel, which

is modulated near walls by the van Driest damping function. The relaxation times for kinetic modes are adjusted to

enhance its numerical stability at higher Reynolds numbers. Parallel computations of subsonic compressible flow

over cavities of different configurations (shallow and deep, with and without a splitter plate) are performed to

investigate self-sustained resonant flow instabilities and generation of tones. Computed flow patterns and flow

oscillation frequencies in the shear-layer region for these problems are found to be in good agreement with previous

computational simulations and experiments. When possible, detailed comparisons of the components of the root-

mean-square velocity fluctuations have also been made, and reasonably good agreement with data from a previous

computational study has been found. The computational approach exhibited near-linear parallel scalability on a

parallel cluster.

I. Introduction

F LOWS past cavities are known to lead to self-sustained
oscillations and noise generation under a range of physical

conditions and geometric configurations. Such complex fluid-
dynamic phenomena have been a subject of great interest due to their
occurrence in a variety of applications. In particular,flow instabilities
and noise generation in cavities are canonical representations of
flow-induced noise in components of aviation systems such as
weapon bays, wheel wells in landing gear, and instrumentation
compartments, inwhich they can potentially cause structural damage
and optical distortion problems. They are also common in
automotive systems such as sunroofs, open windows and door seals,
and in underwater-vehicle systems. Noise reduction in such
applications is not only of strategic importance, but is often required
to ensure safer and environmentally conscious transportation
systems such as those as envisioned by NASA and the aviation
industry. In this regard, analytical techniques, experimental
investigations, and computational methods play an important role
in the fundamental understanding of the underlying complex
character of the interaction of fluid dynamics and acoustics.
Moreover, various passive and active flow control techniques have
been employed for noise suppression in cavity cutouts.

Some of the pioneering experimental studies on cavity flows were
carried out over 50 years ago by Krishnamurty [1] and Roskho [2].

Measurements of flows and associated instabilities were performed
under a broader range of conditions and configurations byMaull and
East [3] and Rossiter [4] and continued by several researchers over
the years [5–11]. Cavity flows are often characterized by shear-layer
instabilities in the mouth of the cavity that excite acoustic modes,
which reinforce the flow oscillations (i.e., resulting in a feedback
process). The essential mechanism of tone generation from cavities
in terms of such a simple feedback process was first discussed by
Rossiter [4], who also provided a semi-empirical expression to
calculate the tonal resonant frequencies. It may be noted that under
certain specialized conditions, a different type of instability termed
the wake mode, which can result in increased drag on the cavity due
to impingement and ejections of large vortical structures, was
observed by Gharib and Roskho [12]. Analytical models to
characterize the frequencies of the modes of oscillations in cavities
were developed by, for example, Bilanin and Covert [13], Tam and
Block [14], and Howe [15].

An illuminating and comprehensive review of the earlier
investigations was provided by Rockwell and Naudascher [16], who
classified various types of possible flow instabilities and acoustic
phenomena in cavities. According to them, in broad terms, flow
oscillations occurring in a cavity can be characterized as fluid-
dynamic, fluid-resonant, or fluid-elastic. Fluid-dynamic oscillations
originate from the instabilities associated withmixing or shear layers
in the opening of the cavity that are amplified and sustained through
acoustic pressure propagation. On the other hand, fluid-resonant
oscillations occur due to resonant waves established by the cavity
geometry. Fluid-elastic oscillations can be generated due to
fluctuations of the cavity surfaces. Depending on the cavity geometry
(such as its aspect ratio) and the flow conditions (such as the
Reynolds number, Mach number, and the momentum thickness of
the upstream boundary layer), one or more of these types of
oscillations and instabilities can lead to a discrete tone or set of tones.

Computational studies of cavity flows are crucial to the detailed
understanding of flow instabilities in cavities. Earlier computational
efforts were generally two-dimensional (2-D) and often employed
Reynolds-averaged Navier–Stokes (RANS) models to represent
turbulence effects [17–20]. It is unclear if such coarse-grained
models are robust in the context of strongly time-dependent
oscillating flows involving separation and sound radiation, which are
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characteristic of cavity flows. On the other hand, direct numerical
simulations (DNS) resolve all spatial and temporal scales and can
thus predict all possible fluid motions up to dissipation length scales
with high fidelity. However, the computational cost of DNS limits its
utility to relatively low Reynolds numbers. Indeed, in a series of
seminal papers, Colonius et al. [21,22] and Rowley et al. [23]
performed DNS in two dimensions and, more recently, in three
dimensions (3-D) [24], which provided fundamental insights into
fluid motions and instabilities in cavities at relatively low Reynolds
numbers.

It is often more practical to use large-eddy simulation (LES), in
which fluid motions with length scales greater than the grid size are
computed and the effect of the unresolved eddies at subgrid scales
(SGS) are modeled. As such, large scales represent the anisotropic
part of the energy spectrum and contain most of the energy of the
fluid motions. The smaller SGS scales are generally considered to be
isotropic in nature and relatively independent of the resolved part of
the spectrum. Thus, LES represents a compromise with reduced
empiricism in contrast to RANS models and with reduced
computational cost in comparison with DNS.

More recently, there has been much interest in the 3-D LES using
filtered Navier–Stokes equations with a SGS model, such as the
Smagorinsky eddy viscosity model [25] for cavity flows. Examples
include those by Dubief and Delcayre [26], Gloerfelt et al. [27],
Larcheveque et al. [28,29], andSuponitsky et al. [30]. Itmay be noted
that a variant of this theme is to use a hybrid approach in which the
turbulence model in the near-wall region behaves as a RANSmodel,
but switches its role to a SGS model in the outer or bulk flow region.
This is often termed as the detached eddy simulation (DES)
approach. Shieh and Morris [31] performed DES of cavity flows
using the Spalart–Allmaras model [32].

Generally, wake-mode instability was observed mainly in 2-D
computations, and shear-layer or Rossiter instability was found to be
the dominant mechanism, particularly in 3-D simulations. Colonius
[33] and Rowley andWilliams [34] reviewed various computational
studies and flow control strategies for flow and acoustic instabilities
in cavity flows.

In the present work, we employ an alternative computational
method based on the lattice-Boltzmann method (LBM) to perform
LES of 3-D fluid motions and associated instabilities from flow past
cavities in a variety of configurations. The LBM, which is based on
kinetic theory, is a relatively recent approach for computational fluid
dynamics and other problems [35,36]. It involves solving a kinetic
equation, the lattice-Boltzmann equation (LBE), which represents
the propagation of particle populations along discrete directions and
collisions on a lattice. The long-term spatial and temporal dynamics
of the LBE asymptotically corresponds to the fluid flow described by
theweakly compressible Navier–Stokes equationswhen the lattice is
constructed to respect sufficient rotational symmetries. The
attractiveness of LBM comes from the simplicity of the stream-
and-collide computational procedure, its ability to represent
boundary conditions in complex geometries, the natural amenability
for implementation on parallel computers with near-linear
scalability, and its ability to more naturally model complex
physics derived from kinetic theory. As a result, it has found a wide
variety of applications (see, for example, [37–39]). More recently,
there have been several efforts that have substantially improved the
basic features of the LBM, notably, in the areas of turbulence
modeling [40,41], higher-order and thermal effects [42,43], and
involving novel entropic approaches [44]. Moreover, the LBM
has been demonstrated to be a reliable method for computation of
sound wave propagation [45,46] and has more recently been
successfully employed for computation of various aeroacoustics
problems [47–53].

A commonly used form of the LBM employs a single-relaxation-
time (SRT)model [54] to represent the effect of particle collisions, in
which particle distributions relax to their local equilibrium at a rate
determined by a single parameter [55,56]. On the other hand, an
equivalent representation of distribution functions is in terms of their
moments such as various hydrodynamic fields, including density,
mass flux, and stress tensor. The relaxation process due to collisions

can more naturally be described in terms of a space spanned by such
moments, which can, in general, relax at different rates. This forms
the basis of the generalized lattice-Boltzmann equation (GLBE),
which employs amultiple-relaxation-time (MRT)model to represent
the collision process [57–59]. By carefully separating the time scales
of various hydrodynamic and kinetic modes through a linear stability
analysis, the numerical stability of the GLBE or MRT–LBE can be
significantly improved when compared with the SRT–LBE,
particularly for more demanding problems at high Reynolds
numbers [58]. TheMRT–LBEhas also been extended formultiphase
flows with superior stability characteristics [60–62], and, more
recently, for magnetohydrodynamic problems with similar results
[63]. It has also been used for LES of a class of turbulent flows
[64,65].

Recently, we have extended the GLBE to incorporate forcing
terms and applied it to wall-bounded turbulent flows [66]. These
forcing terms represent the effect of external forces and are
considered in the natural moment space of the GLBE. They are
second-order time-discretized to avoid discrete lattice artifacts [67]
and made effectively explicit through a transformation [68] to
facilitate numerical solution. Subgrid-scale effects are represented
by the standard Smagorinsky eddy viscosity model [25], which is
modified by the van Driest damping function [69] in the near-wall
region. The strain-rate tensor used on the SGS model is computed in
terms of nonequilibrium moments, which is augmented by the
moment representation of forcing terms in this approach.

It is well known that for wall-bounded flows, standard LES
requires resolution of near-wall energy containing eddies as in DNS,
with at least 3 grid nodes in the viscous sublayer [70,71]. This can
impose severe computational requirements, particularly at high
Reynolds numbers Re [i.e.,O�105�–�106�]. One way to circumvent
this situation is to employ awall model inwhich the first off-wall grid
node is located well into the logarithmic region, as was done by
Larcheveque et al. [28,29] for cavity flows. However, in the present
work, we will consider wall-resolved 3-D LES of cavity flows at
moderate Reynolds numbers [i.e.,O�104�]. Although a few previous
studies exist for such moderate Reynolds numbers using other
computational methods, such as that by Gloerfelt et al. [27] and
Suponitsky et al. [30], the focus will be on the application of a recent
variant of the LBM (i.e., the GLBE [59,61,66]) for LES of cavity
flows of different configurations. Toward this objective, we will
study the physics of flow past both shallow and deep cavities at
Reynolds numbers (based on cavity width) of 17,500 and 10,450,
respectively, and perform detailed comparisons of the frequencies as
well as the intensities of flow oscillations when previous data are
available. To simulate relatively large problems involving cavity
flows,we have exploited the inherent parallelization properties of the
GLBE and implemented it on a parallel cluster to investigate
associated self-sustained flow instabilities and oscillations in detail
and provide comparison with previous data.

The paper is organized as follows: Section II will discuss the
overall computational procedure based on the GLBE. The SGS
turbulence model employed for LES using the GLBE is presented in
Sec. III. The boundary conditions used in this study are provided in
Sec. IV. Section V discusses parallel implementation of the
computational approach. Results of cavity flow characteristics,
including tonal frequencies, under various configurations will be
presented in Sec. VI. In particular, Sec. VI.A discusses flow
instabilities in a deep cavity with a splitter plate, Sec. VI.B presents
results of flows and oscillations in a shallow cavity, and Sec. VI.C
presents simulation of flow past a deep cavity without splitter plate.
Finally, the conclusions of this paper are presented in Sec. VII.

II. Generalized Lattice-Boltzmann Equation

The lattice-Boltzmann method computes the evolution of
distribution functions due to the collision process given in terms of a
relaxation to their local equilibrium and the streaming process
describing their movement along the characteristic directions given
by a discrete particle velocity space represented by a lattice. Figure 1
shows the three-dimensional 19-particle velocity (D3Q19) lattice
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model, which has better stability characteristics than other lattice
models such as the D3Q15 model, has been employed in this paper.
The particle velocity set e� corresponding to this model may be
written as

e � �
( �0; 0; 0� �� 0
��1; 0; 0�; �0;�1; 0�; �0; 0;�1� �� 1; . . . ; 6
��1;�1; 0�; ��1; 0;�1�; �0;�1;�1� �� 7; . . . ; 18

(1)

The GLBE computes collisions in moment space, whereas the
streaming process is done in the usual particle velocity space [59].
The GLBE also computes the forcing term [66], which represents the
effect of external body forces as a second-order-accurate time
discretization in moment space. Such external forces acting on the
fluid could be gravity or inertial forces such as the Coriolis force.We
use the following notation in our description of the subsequent
procedure: in particle velocity space, the local distribution function
f, its local equilibrium distribution feq, and the source terms due to
external forces S may be written as the following column vectors:

f � �f0; f1; f2; . . . ; f18�†; feq �
h
feq0 ; f

eq
1 ; f

eq
2 ; . . . ; f

eq
18

i
†

S� �S0; S1; S2; . . . ; S18�†

where superscript † represents the transpose operator.

The moments f̂ are related to the distribution function f through
the relation f̂� T f, where T is the transformation matrix. Here and
in the following, the hat represents the moment space. The
transformation matrix T is constructed such that the collision matrix

in moment space �̂ is a diagonal matrix through �̂� T �T �1,
where � is the collision matrix in particle velocity space. The
elements of T are obtained in a suitable orthogonal basis as
combinations of monomials of the Cartesian components of the
particle velocity e� through the standard Gram–Schmidt procedure,
which are provided by d’Humières et al. [59]. Similarly, the
equilibrium moments and the source terms in moment space may be

obtained through the transformation f̂eq � T feq and Ŝ� T S. The
components of the moment projections of these quantities are

f̂� �f̂0; f̂1; f̂2; . . . ; f̂18�†; f̂eq �
h
f̂
eq
0 ; f̂

eq
1 ; f̂

eq
2 ; . . . ; f̂

eq
18

i
†

Ŝ� �Ŝ0; Ŝ1; Ŝ2; . . . ; Ŝ18�†

These are provided in the Appendix.
The solution of theGLBEwith forcing term can bewritten in terms

of the following effective collision and streaming steps, respectively:

~f�x; t� � f�x; t� �$�x; t� (2)

and

f��x� e��t; t� �t� � ~f��x; t� (3)

where the distribution function f� ff�g��0;1;...;18 is updated due to
effective collision resulting in the postcollision distribution function
~f� f ~f�g��0;1;...;18 before being shifted along the characteristic
directions during the streaming step; $ represents the change in
distribution function due to collisions as a relaxation process and
external forces and, following Premnath et al.[66], it can written as

$ �x; t� � T �1���̂�f̂ � f̂eq��x;t� � �I � 1
2
�̂�Ŝ�x;t�� (4)

where I is the identity matrix and �̂� diag�s0; s1; . . . ; s18� is the
diagonal collision matrix in moment space. Now some of the
relaxation times s� in the collision matrix (i.e., those corresponding
to hydrodynamic modes) can be related to the transport coefficients
andmodulated by eddy viscosity due to SGS effects (discussed in the
next section) as follows [59,66]: s�11 � 9

2
�� 1

2
, where � is the

molecular bulk viscosity, and

s9 � s11 � s13 � s14 � s15 � s�

where

s�1� � 3�� 1
2
� 3��0 � �t� � 1

2

where �0 is the molecular shear viscosity and �t is the eddy viscosity
determined from the SGS model. The rest of the relaxation
parameters (i.e., for the kinetic modes) can be chosen through a von
Neumann stability analysis of the linearized GLBE [59]:

s1 � 1:19; s2 � s10 � s12 � 1:4; s4 � s6 � s8 � 1:2

s16 � s17 � s18 � 1:98

.
Once the distribution function is known, the hydrodynamic fields

(viz., the density �, velocity u, and pressure p) can be obtained as
follows:

��
X18
��0

f�; j 	 �u�
X18
��0

f�e� �
1

2
F�t; p� c2s� (5)

where cs � c=
���
3
p

(c� �x=�t) is the particle speed, and �x and �t are
the lattice spacing and time step, respectively. By means of the
Chapman–Enskog multiscale analysis, it can be shown that the
GLBEasymptotically recovers the hydrodynamicfields [i.e., Eq. (5)]
corresponds to the weakly compressible Navier–Stokes equations.

The computational procedure for the solution of the GLBE with
forcing term is optimized by fully exploiting the special properties of
the transformation matrix T : these include its orthogonality, the
presence of many elements that are zero, and entries with many
common integer elements, which are used to form the most common
subexpressions for transformation between spaces in avoiding direct
matrix multiplications [59]. For details, we refer the reader to [66].
As a result of such optimizations, the additional computational
overhead when the GLBE is used in lieu of the popular SRT–LBE is
small, typically between 15 and 30%, but with much enhanced
numerical stability that allows maintaining solution fidelity on
coarser grids and also in simulating flows at higher Reynolds
numbers.

III. Subgrid-Scale Turbulence Model

In this paper, we have incorporated the SGS effects in the GLBE
through the standard Smagorinsky model [25] to perform LES. The
eddy viscosity �t arising from this model can be written as

�t � �Cs��2 �S; �S�
��������������
2SijSij

p
(6)

where Cs is a constant (taken equal to 0.12 for the work discussed
here),� is the cutoff length scale set equal to the lattice-grid spacing
(i.e., �� �x), and Sij is the strain-rate tensor given by Sij�
1=2�@jui � @iuj�. In the LBM, the strain-rate tensor can be
computed directly from the nonequilibrium part of the moments,

Fig. 1 Schematic illustration of the three-dimensional 19-particle

velocity (D3Q19) lattice model.
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without the need to apply finite differencing of the velocity field. The
specific expressions for the strain-rate tensor as a function of
nonequilibrium moments and moment projections of source terms
are given in the Appendix. The eddy viscosity �t thus obtained is
added to the molecular viscosity �0 to obtain the hydrodynamic
relaxation times in the collision matrix� of the GLBE, as discussed
in Sec. II.

To account for the damping of scales near the walls, following an
earlier work [72], we have implemented the van Driest damping
function [69]:

�� �x
�
1 � exp

�
� z

�

A�

��
(7)

where z� � zu
=�0 is the normal distance in wall units from the wall
(u
 is the friction velocity related to the wall shear stress �w through

u
 �
�����������
�w=�

p
), and A� is taken equal to 25 [72]. In this model, the

friction velocity is generally unknown. To obtain the numerical value
of this quantity, we used the logarithmic law due to von Kármán,
which is given, for example, in [70]:

hU�zg�i
u


� A ln
�
zgu

�0

�
� B� 0; A� 2:5; B� 5:2 (8)

where hU�zg�i represents the mean velocity at a distance zg from the
wall. Equation (8), which is nonlinear, can be solved in a few
iterations with the Newton–Raphson method to determine u
. Note
that very close to the wall in the viscous sublayer region, the velocity
becomes proportional to the distance, and so a simple linear relation
is instead used in this region. Although this approach obviously has
some empiricism built in, such treatment for near-wall layers is
common in computationalfluid dynamics codes for LES, owing to its
simplicity and computational efficiency. Indeed, such a procedure
has recently been employed for LES of flows past cavities using a
Navier–Stokes-based finite volume approach [27].

IV. Boundary Conditions

To solve the GLBE in Eqs. (2) and (3), suitable boundary
conditions need to be specified. We employ the so-called
interpolated bounceback scheme [73] for implementing the no-slip
velocity conditions at the walls. It specifies the distribution functions
for the incoming particle directions from the wall: ��, where
e �� ��e�, based on the near-wall postcollision information, and a
factor q. Here, q represents the fractional distance of the wall from
the near-wall lattice node in comparison with the lattice spacing �x.
With linear interpolation of near-wall physics, we get [73]

f ���x; t� �t� � 2q ~f��x; t� � �1 � 2q� ~f��x � e��t; t�; q < 1
2

(9)

f ���x; t� �t� �
1

2q
~f��x; t� �

�
1 � 1

2q

�
~f ���x; t�; q � 1

2
(10)

When q� 1
2
, the preceding expressions reduce to the standard link-

based bounceback scheme: that is,

f ���x; t� �t� � ~f��x; t�

Because the cavitywalls are straight surfaces, we chooseq� 1
2
in this

work, which guarantees mass conservation. These boundary
conditions are useful in accurately representing the profile of the
boundary.

For an inflow boundary surface with a specified velocity uin, an
extended link-bounceback scheme [74] that adds appropriate
momentum to the particle populations is implemented:

f ���x; t� �t� � ~f��x; t� � 2w��in
e �� � uin

c2s
(11)

where w� is a weighting factor. For outflow boundaries, an
extrapolation method [75] is employed:

f ���x; t� �t� � 2 ~f ���x; t� � ~f ���x � e��t; t� (12)

where the equilibrium distribution in the collision step for the
boundary lattice nodes are specified in terms of the no-gradient
conditions for the macroscopic quantities.

V. Parallel Computing Strategy

One of the main advantages of the LBE is its natural amenability
for implementation on parallel computers, making it particularly
suitable for dealing with large problem sets. The explicit and
essentially local nature of the computational algorithm of the GLBE
[see Eqs. (2) and (3)] was exploited to parallelize the code using a
domain decomposition strategy. The message-passing-interface
librarywas used for the exchange of information between processors.

The parallelized GLBE code with the Smagorinsky SGS model
was initially tested for speedup by performing LES of turbulent
channel flow with a top free-slip surface at a shear Reynolds number
Re
 of 180 based on channel half-height. The computational domain
was discretized by employing 270 
 135 
 45 grid nodes. A detailed
description of the comparison of the turbulence statistics results with
available data is presented in [66]. The code was tested for parallel
performance by running on up to 16 processors on an IBM p690
cluster at the National Center for Supercomputing Applications
(NCSA). Figure 2 shows the speedup for different numbers of
processors. As may be expected, it shows that the GLBE code scales
nearly linearly. All computations of cavity flows, which will be
discussed in the following, were performed using a parallelized
implementation of theGLBEon8 processors of this computer cluster
at NCSA.

VI. Results and Discussion

First, we briefly discuss the essential elements of the feedback-
generated tones in cavity flows in different configurations, as
proposed by Rossiter [4], before elaborating on the computational
setup and results and their comparison with previous data. If L is the
width of the cavity and Uc is the convection velocity of vortical
structures generated from shear-layer instability (observations
indicateUc � 0:4U0 to 0:6U0, where U0 is the freestream velocity),
the vortical structures travel across the cavity edges in timeL=Uc. On
the other hand, sound generated from unsteady impingement of
vortices on the cavity trailing edge (a monopole source due to local
mass flow rate variations) is radiated back upstream in time L=cs,
where cs is the speed of sound, to the leading cavity edge, such that it
reinforces the periodic vortical shedding of frequency f. This elegant
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Fig. 2 Parallel performance of the GLBE implementation for

turbulent channel flow simulation on a IBM p690 parallel cluster at

NCSA.
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model for feedback-flow-generated discrete tones leads to the
following simple relation, the Rossiter formula [4]:

L

Uc
� L

cs
� n
f
; n� 1; 2; . . . ; (13)

where n is the mode number. It may noted that the phenomenon of
feedback-generated sound was first deduced in other contexts, such
as in edge tones, somewhat earlier by Powell [76].

To match the predictions of expression (13) with experiments, it
becomes necessary to take into account the phase lag �=f (� is a
phase-lag factor) between the moments of acoustic pulse radiation
and the vortical impingement at the trailing cavity edge, as well as
those between the arrival of sound pulse at the leading cavity edge
and the generation of new vortical structures. Thus, we have the
modified Rossiter’s equation given in terms of the Strouhal number
(see, for example, Howe [15]):

St� fL
U0

� �n � ��
�U0=Uc �Ma=

���������������������������������������
1� �� � 1�Ma2=2

p
�
; n� 1; 2; . . . ;

(14)

where � is the ratio of specific heats. This formula compares
reasonably well with observations for shallow rectangular cavities
(i.e., with L=D > 1 and forMa > 0:2, �� 0:25, and Uc=U� 0:6),
where D is the depth of the cavity. For deep cavities, analytical
models have been developed for flow/acoustic resonance based on
vortex sound theory [15].

In the following, we performed wall-resolved 3-D LES of both
deep and shallow cavities. That is, in each case, we employed 3 grid
nodes to resolve the viscous sublayer and the use of a wall model is
thereby avoided. We have considered a spacing of�� of about 4 in
the bulk region and a spacing of��nw of about 2 for the first grid node
from the wall (resulting from the use of the halfway bounceback
scheme). For the moderate Reynolds numbers considered in this
paper, we have used at least 10 million grid nodes to resolve the
domain for each case, which is at least twice as much considered in
other studies for a similar range of Reynolds numbers (e.g., [27,30]).
For example, in the case of shallow cavities, Gloerfelt et al. [27] used
5.37 million grid nodes (for ReD � 48; 600) and Suponitsky et al.
[30] employed 0.52million grid nodes (forReD � 5000), whereas in
the present paper, we used 10.89 million grid nodes (for
ReD � 7000). It may also be noted that the GLBE approach
employed in our work has been assessed and validated for wall-
resolved 3-D LES of a set of canonical wall-bounded flows, such as
turbulent channel flow and turbulence-induced secondary flows in a
square duct [66,77,78]. Although very recent studies have shown
that the time-averaged mean fluidmotion can become 3-D in cavities
[24,29], we performed time and spatial averaging in the spanwise
direction just to compare our results with other available data at
moderate Reynolds numbers [27,30]. The computations were
initially run for typically about 50T
, where T
 is the ratio of the
width of the cavity and the freestream velocity, and the statistics of
the fluid motion were collected by another additional run of about
100T
.

A. Flow Instabilities in a Deep Cavity with a Splitter Plate

Let usfirst consider a problem consisting offlowpast a deep cavity
with a splitter plate. This is one of the canonical computational
aeroacoustics (CAA) problems specified in category 6 of the Third
Computational Aeroacoustics Workshop on Benchmark Problems
[79]. A schematic of the geometry of the cavity is shown in Fig. 3.
The grid resolution is 900 
 110 
 250 in the streamwise, spanwise,
and wall-normal directions, respectively. The depth of the cavity D
shown in Fig. 3 is resolved by 140 grid nodes, and the width of the
cavity is related to the depth through the ratio L=D� 0:64. The
cavity consists of a splitter plate of lengthL0 and thickness T0, which

are related to the depth of the cavity by the ratios L0=D� 0:29 and
T0=D� 0:13. These aspect ratios for the geometry correspond to
those specified in [79]. The center of the opening of the cavity is
placed roughly toward the center of the computational domain. The
Reynolds number is defined here as ReD �U0D=�0 � 16; 333,
whereU0 is the freestream velocity. TheMach numberMa based on
the freestream velocity is taken to be 0.24. The Reynolds number
used here is well within the range of that employed by 3-D LES
computations performed using finite difference methods with full
near-wall resolution (e.g., [30]).

At the inlet, as stipulated in the statement of the benchmark
problem [79], a one-seventh power-law profile is used for the mean
streamwise velocity profile:

u

U0
�
�
z

�

�
1=7

(15)

where � is the boundary-layer thickness. Following a recent 3-D LES
study of cavity flows [30], a random inflow perturbation, with
maximum amplitude of 10% of the local mean velocity, is applied to
trigger the development of three-dimensional turbulence. It may be
noted that for the generation of tones in cavities, self-sustained
oscillations need to occur, which depends on upstream flow
conditions and the geometric details of the cavity.

In the cavity flow measurements and visualization by Sarohia [7],
it was found that the thickness of the boundary layer �, the width of
the cavity L, and the freestream velocity U0 should satisfy the
following criteria for tones to occur: �=D < 0:5 and �L=������������������������
ReD��=D�

p
> 290. Also, in their DNS studies of cavity flows,

Colonius et al. [21] found that L=	, where 	 is the momentum
thickness, must be greater than a certain value that depends on the
Reynolds number and Mach number used (note that 	�
n=��n� 1��n� 2���, for a general power-law velocity distribution
u=U0 � �z=��1=n) [70]. In other words, in relative terms, the
boundary layer should not be too thick for undamped flow
oscillations to occur. Although these criteria are obtained for
unstable laminar flows in shallow cavities, it is nevertheless useful in
guiding the choice of parameters for the presentwork. The boundary-

layer thickness � is chosen such that �L=��
����������������������
ReD��=D�

p
� 435 and

L=	� 185:6, which, as will be shown in the following, is sufficient
to ensure self-sustained oscillations.

Inwhat follows, quantitieswill be expressed in lattice units; that is,
the length scales are normalized by the lattice spacing �x and fluid
flow velocities are normalized by the particle velocity c (and hence
time scales are normalized by �x=c). In our computations, we choose
the freestream velocity U0 � 0:14 and molecular viscosity of the
fluid �0 � 0:0012, and so the Reynolds number based on the depth of
the cavity ReD is 16; 333.

Fig. 3 Schematic representation of the geometry of a deep cavity with a

splitter plate.
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Figure 4 shows the computed instantaneous spanwise vorticity
contours at the midspanwise plane in the near field of the cavity at a
few different times. It is apparent that as the unstable vortical
structures impinge on the downstream cavity edge and wall, some
part of them falls into the cavity, whereas the rest continue to be
convected downstream of the trailing edge of the cavity, along the
outside flat surface. The falling vortices within the cavity roll down
along the downstream cavity edge, setting up a recirculating flow
region.

The time traces of the normal velocity W at three different
locations around the cavity opening are shown in Figs. 5–7. See
Fig. 4 for details on the coordinate locations in these figures. It is
evident that self-sustained flow oscillations with a discrete frequency
occur at these locations. The spectral component of the normal
velocity is obtained by taking a discrete Fourier transform (DFT) and
the results in the preceding three figures are presented in terms of
Strouhal number St� fLcm=U0, whereLcm is thewidth of the cavity
mouth. The computed value is St� 0:344.

It may be noted that recent experiments based on laser–Doppler
velocimetry for flow over a deep cavity, albeit with somewhat

different aspect ratio and at higher subsonic Mach numbers and
Reynolds numbers than considered here, revealed regular self-
sustained oscillationswith a periodic organization of shear layer over
the cavity mouth with a dominant first mode [10]. On the other hand,
data are available for a setup with geometric aspect ratios similar to
those considered here from the experiments of Henderson [79]. The
measurement data [79] for the resonant frequency in terms of
Strouhal number at different Mach numbers are given in Table 1,
which also provides data from some computational studies for this
problem.

The values are in the range 0.319 to 0.369. A DNS study based on
the dispersion-rate-preserving (DRP) scheme byKurbatskii and Tam
[80] found St� 0:344. Unsteady DES based on the Spalart–
Allmarasmodel [32] have yielded Strouhal numbers of 0.36 and 0.33
for the lowest normal mode [81]. Also, computations based on an
acoustic/viscous splitting procedure [83] yield St� 0:377 [82]. It is
evident that the GLBE results for the flow/acoustic resonant
frequency are in very good agreement with previous measurements
and computations. Moreover, inspection of a set of instantaneous
vorticity contours in the near field of the cavity provided in some of
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these computational studies show that they are themselves consistent
with each other and with this study.

In contrast to the shallow cavities, partly due to a shorter opening
in deep cavities, the separated flow can no longer reattach to the
cavity floor. As a result, some vortical structures closer to the cavity
base become captive and isolated from themain flow, as presented in
Fig. 8, which shows the mean streamlines in the near field of the
cavity. This figure shows the presence of large-scale upper and lower
vortices along with smaller corner vortices. Such features are
generally absent in shallow cavities. It may be noted that some earlier
visualization and measurement studies in deep cavities have indeed
observed such multiple large-scale vortical structures accompanied
by recirculation regions [2,3,11].

B. Flow Instabilities in a Shallow Cavity

We now consider a shallow cavity with a width-to-depth ratio of
L=D� 2:5. The width is resolved by 150 grid nodes, and the
computational domain is resolved by 550 
 110 
 180 grid nodes.
The Reynolds number ReD based on the depth of the cavity is 7000
and the freestream Mach number Ma is 0:24. The inlet velocity is
specified in a similar manner to that in the previous section. The
boundary-layer thickness is chosen to be relatively thin such that

L=	� 193:3 and �L=��
����������������������
ReD��=D�

p
� 573, which we find

a posteriori to be sufficient to ensure self-sustained oscillations.
Figure 9 shows the instantaneous spanwise vorticity contours at a
fewdifferent times.Kelvin–Helmholtz instability of the shear layer is
clearly evident in this case, with greater lateralmotions of the vortical
structures, as compared with the deep-cavity case considered earlier.
Moreover, larger vortices convect along the wall surface outside of
the cavity than before.

From the point of view of stability theory of near parallelflows, the
feedback sound mechanism in the absence of external forcing can be
viewed as the convective Kelvin–Helmholtz instability of the
vortical structures comprising the shear-layer region leading to
globally unstable flow (i.e., upstream propagation of self-sustained
flow instabilities [84,85] by the acoustic wave propagation [23]). The
shear-layer profile, in terms of the mean streamwise velocity at
different stations in cavity opening, presented in Fig. 10, shows
deviations from the hyperbolic tangent profile, with significant
backflow, which was also observed in the recent 3-D LES
computations [30]. It was shown byHuerre andMonkewitz [85] that
if the backflow deviations of hyperbolic tangent profile for velocity
are greater than 13.6%, the flow is absolutely unstable (i.e., upstream
propagation of energy growth of instability). The computations
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Fig. 6 Time trace of normal velocity W for ReD � 16; 333, L=�� 185:6, and Ma� 0:24 (left); corresponding power spectrum of normal velocity in
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0.8 0.9 1 1.1 1.2

x 10
5

−2

0

2

4

6

8

10
x 10

−3

Time Step, t

N
or

m
al

 v
el

oc
ity

, W

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
x 10

−5

Strouhal Number, St = fL
cm

/U
0

P
ow

er
 S

pe
ct

ru
m

 (
N

or
m

al
 V

el
oc

ity
)

Fig. 7 Time trace of normal velocity W for ReD � 16; 333, L=�� 185:6, and Ma� 0:24 (left); corresponding power spectrum of normal velocity in

terms of Strouhal number in the vicinity of the mouth of the deep cavity at x� 375 and z� 150 (right).

Table 1 Comparison of flow-resonant frequency from a deep cavity

with splitter plate in terms of Strouhal number

Data source Strouhal number
(St� fLcm=U0)

Experiments (thin boundary layer) [79]
Ma� 0:06 0.336
Ma� 0:09 0.369
Ma� 0:12 0.319
Ma� 0:18 0.334

DNS/DRP scheme [80] 0.343
DES [81]
Laminar 0.360
Turbulent 0.330

Acoustic/viscous splitting procedure [82] 0.377
GLBE/LES (this study) 0.344
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presented here seem to be consistent with this earlier finding and in
this sense, with the acoustic feedback mechanism in place, the flow
oscillations may be considered to be due to global instability.

To quantify the oscillations for this case, we present the time trace
of the normal velocityW at two different locations around the cavity
opening in Figs. 11 and 12. The flow does indeed appear to maintain

self-sustained oscillations and the characteristic oscillation
frequency is obtained by taking the power spectra of the velocities
which are also shown in the preceding two figures. The Strouhal
number based on cavity width L is found to be about 0.84. As noted
earlier, the modified Rossiter formula (14) is applicable for shallow
cavities whenMa > 0:2.

When � � 1 in Eq. (14), it simplifies to

Stn �
fnL

U0

� n � �
�U0=Uc� �Ma

Considering typical values of the phase-lag factor and vortical
convection speed (i.e., �� 0:25 and Uc=U0 � 0:60), we find the
Strouhal numbers of the first two modes of oscillations to be St1 �
0:39 and St2 � 0:91, respectively. It is thus apparent that the present
computations correspond to the second mode of oscillations. It was
observed by Sarohia [7] in shallow-cavity flow experiments that as
the boundary layer became thinner (i.e., as L=	 increases when all
other controlling parameters are unchanged), the flow oscillations
switch from mode 1 to mode 2. At relatively larger L=	 values, the
observed Strouhal number for the second mode is in the range of
St2 � 0:80–0:95. Moreover, a recent 3-D LES computation of
shallow cavity flows found St2 � 0:83–1:0, depending on the SGS
model used [30], and another one found St2 � 0:75, albeit at high
subsonic Mach numbers [27]. Thus, we find that the GLBE is also
able to reproduce the dominant frequency in shallow-cavity flows
reasonably well.
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Fig. 8 Mean streamlines in the near field of the deep cavity with a splitter plate for ReD � 16; 333, L=�� 185:6, and Ma� 0:24.
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An important test of the novel numerical approach employed here
is whether it can also predict the intensities of flow oscillations at
different locations in the cavity-mouth region and which can
reasonably be matched by any independently available previous
data. It may be noted that experimental data for different cavity
configurations are available at high ReD [i.e., O�106�]. Although
such conditions can be matched using wall models [28,29], they are
beyond the reach of any wall-resolved LES, due to computational
constraints. On the other hand, very recently, 3-D DNS has been
carried out for ReD �O�103� [24]. However, their main focus was
on the investigations of flow stability characteristics under a variety
of conditions, and detailed data on the intensities of velocity
fluctuations at different locations in the cavity region are not
available for comparison. At the same time, a few 3-D LES studies
were carried out recently formoderateReD �O�103� [27,30], which
are within the range considered here. In particular, Gloerfelt et al.
[27] provide detailed data of the root-mean-square velocity
fluctuations in the cavity opening, with which wemake comparisons
in what follows.

The computed root-mean-square (rms) streamwise, spanwise, and
wall-normal velocityfluctuationswithin themixing layer developing
between the leading and trailing edges of the cavity at three different
stations (x=L� 0:3, 0.5, 0.9) are shown in Figs. 13–15, respectively.
The data by Gloerfelt et al. [27] are provided in symbols for
comparison. It can be seen that fluctuations at a relatively high
velocity are found within the cavity shear-layer region, with peaks at
about 20% of the freestream velocity. Moreover, all three
components have significant contributions, which is an indication of
the three-dimensional and turbulent nature of the flow over the

cavity. It is evident that the detailed structure of the computed rms
velocity fluctuations are in reasonably good agreement with the
available data. In particular, theGLBE solutions for the spanwise and
wall-normal intensities closely agree with the Gloerfelt et al. [27]
results. Although the computed streamwise intensity profiles are still
qualitatively similar to the Gloerfelt et al. results, the peaks are
underpredicted, particularly near the leading edge of the cavity. This
could be due to various factors, including the fact that different
approaches were employed to implement inflow perturbations, that
lead to the Kelvin–Helmholtz instability in the shear-layer region.
Moreover, the Reynolds number and Mach number considered by
Gloerfelt et al. are higher than those employed here. Because the
computed results are in reasonably good agreement with a priori
results using a completely different numerical approach, these
comparisons constitute an independent verification of the
applicability of our approach.

The results for the Reynolds stress h�u0w0i are not provided by
Gloerfelt et al. [27]. Nevertheless, we present the computed structure
of the Reynolds stress at different stations in the cavity opening
region in Fig. 16. Its nondimensional peak value is found to vary
between about 0.01 and 0.03.Although other studieswere performed
at much higher Reynolds numbers [28], nevertheless, our computed
range is similar to those reported by them.

The three-dimensionality of the flow becomes evident from an
instantaneous isosurface plot of spanwise vorticity in the near field of
the cavity presented in Fig. 17, which shows intense mixing of
vortical structures in the cavity opening. It may also be noted that the
mean streamlines in the near field of the shallow cavity shown in
Fig. 18 contrast significantly with those for the deep cavity (Fig. 8),
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Fig. 11 Time trace of normal velocityW forReD � 7000,L=�� 193:3, andMa� 0:24 (left); corresponding power spectrumof normal velocity in terms
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with no trapping of large-scale vortical structures in the former case.
In particular, Fig. 18 shows the presence of main and secondary
vortices along with smaller corner vortices. In fact, such features are
characteristic of shallow-cavity flows, aswas observed in recent flow
visualization experiments [11] and computations using other
methods [23,30].

C. Flow Instabilities in a Deep Cavity

We considered flow past a deep cavity with a splitter plate in
Sec. VI.A. In this section, let us consider the effect of removing the
splitter plate, which effectively widens the mouth of the cavity, but
keeps other factors the same as before. Such a simplified problem
admits modal analysis by analytical methods [86] and was
considered in a numerical simulation by Shieh and Morris [81]. As
before, the computational domain was resolved by 900 
 110 
 150
grid nodes, butmaintains the same flow parameters and conditions as
discussed in Sec. VI.A.

Figure 19 shows the computed instantaneous spanwise vorticity
contours at different times in the near field of the cavity. In contrast to
Fig. 4, Fig. 19 shows a more pronounced effect of shear-layer
instability in the cavity-mouth region, showing shedding of smaller
vortices upon their impingement at the downstream cavity edge,
setting up recirculating patterns.

The temporal variation of the normal velocity at the location
x� 375 and z� 200 is shown in Fig. 20. Strong, self-sustained,
resonating, oscillatory fluid motion can be clearly observed with
multiple discrete frequencies. Through a DFT, the primary mode of
oscillation is deduced to occur at a frequency corresponding to a
Strouhal number of 0.72. This compares reasonably well with the
analytical solution for the frequency of the lowest mode in a
rectangular cavity obtained using a mode analysis by Tam [86],
which gives a value of 0.68. Moreover, the computations by
Shieh and Morris [81] yielded Strouhal numbers of 0.64 and 0.58
for laminar and turbulent conditions, respectively. The second
mode is found to occur at a considerably higher frequency, with a
Strouhal number of about 1.36. Shieh and Morris also observed
such higher-frequency modes in their computations. Mean
streamlines for the present case are shown in Fig. 21. Comparison
of Figs. 8 and 21 show significant differences in the flow patterns.
In particular, the presence of a splitter plate in a deep cavity appears
to somewhat squish and skew the lower vortical structures,
whereas they are more evenly distributed when the splitter plate is
removed.
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Fig. 13 Root-mean-square streamwise velocityfluctuations at different
locations (x=L� 0:3, 0.5, 0.9) measured from the leading edge of the

shallow cavity for ReD � 7000, L=�� 193:3, andMa� 0:24.
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Fig. 14 Root-mean-square spanwise velocity fluctuations at different

locations (x=L� 0:3, 0.5, 0.9) measured from the leading edge of the

shallow cavity for ReD � 7000, L=�� 193:3, and Ma� 0:24.
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VII. Conclusions

Large-eddy simulations of subsonic flow past cavities at moderate
Reynolds numbers (Re�O�104�) are performed to investigate flow
instabilities and oscillations using a numerical technique based on a
recently developed form of the generalized lattice-Boltzmann
equation. In this regard, the Smagorinsky subgrid-scale model
modulated by the van Driest damping function near walls is
employed.

It is found that the flow in a shallow cavity at a Reynolds number
based on cavity width of 17,500 and aspect ratio of L=D� 2:5

exhibits Kelvin–Helmholtz shear-layer instability, maintaining a
globally unstable state. The flow oscillations are found to correspond
to the second Rossiter mode, with a Strouhal number of 0.84, which
is consistent with a previous 3-D study based on solution of the
filtered Navier–Stokes equations. Fully three-dimensional velocity
fluctuations are observed in the cavity-mouth region. The detailed
structure of computed root-mean-square velocity fluctuations are
found to be in reasonable agreement with previous computational
results obtained using a different computational approach. Themean
flowfields showed the presence of two large vortical structures in the
cavity, one occupying the upstream region and the other in the
downstream portion.

For the case of flow past a deep cavitywith a splitter plate covering
the upstream part of the cavity at a Reynolds number based on cavity
width of 10,450, flow-resonant oscillations with a nondimensional
frequency or Strouhal number of 0.34 are observed, which is in very
good agreement with previous data from various sources. The mean
flowfield is characterized by the presence of a recirculation region in
the upper part of the cavity, with a counter-rotating vortex below and
some smaller vortices in the corners, which are markedly different
from those of the shallow cavity. When the splitter plate is removed
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Fig. 15 Root-mean-square wall-normal velocity fluctuations at differ-

ent locations (x=L� 0:3, 0.5, 0.9) measured from the leading edge of the

shallow cavity for ReD � 7000, L=�� 193:3, andMa� 0:24.
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Fig. 16 Reynolds stress h�u0w0i at different locations measured from

the leading edge of the shallow cavity for ReD � 7000, L=�� 193:3, and
Ma� 0:24.

Fig. 17 Instantaneous isosurfaces of spanwise vorticity in the near field

of the shallow cavity for ReD � 7000, L=�� 193:3, and Ma� 0:24.

150 200 250 300 350 400 450
0

20

40

60

80

X

Z

Fig. 18 Mean streamlines in the near field of the shallow cavity for ReD � 7000, L=�� 193:3, and Ma� 0:24.
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Fig. 19 Instantaneous spanwise vorticity contours in the midspanwise plane (i.e., at y� 55 in the near field of the deep cavity at different instants for

ReD � 16; 333, L=�� 185:6, and Ma� 0:24): a) t� 90; 000, b) t� 100; 000, c) t� 110; 000.
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from the deep cavity, the flow is found to oscillate with a higher
frequency, corresponding to a Strouhal number of 0.72, in good
agreement with other simulation results. Moreover, a secondary
mode of oscillation is also noticed for this configuration.

These findings suggest that the recent formulation of the lattice-
Boltzmann equation based on multiple relaxation times used here
provides an accurate approach for large-eddy simulation offlows and
instabilities, with an ability to reproduce time-dependent complex
flow characteristics. Because of the ease of representation of
complex boundary shapes and its excellent parallel scalability, it
appears to be promising approach for investigations of a wider class
of problems.

Appendix: Moments, Equilibrium Moments, Moment
Projections of Source Terms, and Strain-Rate Tensor

The components of the various elements in the moments for the
D3Q19 lattice are as follows [59]:

f̂0 � �; f̂1 � e; f̂2 � e2; f̂3 � jx
f̂4 � qx; f̂5 � jy; f̂6 � qy; f̂7 � jz
f̂8 � qz; f̂9 � 3pxx; f̂10 � 3
xx; f̂11 � pww
f̂12 � 
ww; f̂13 � pxy; f̂14 � pyz; f̂15 � pxz
f̂16 �mx; f̂17 �my; f̂18 �mz

where � is the density; e and e2 represent kinetic energy that is
independent of density and square of energy, respectively; jx, jy and
jz are the components of the momentum (i.e., jx � �ux, jy � �uy,
and jz � �uz); qx, qy, and qz are the components of the energy flux;
and pxx, pxy, pyz, and pxz are the components of the symmetric
traceless viscous stress tensor. The other two normal components of
the viscous stress tensor, pyy and pzz, can be constructed from pxx
and pww, where pww � pyy � pzz. Other moments include 
xx, 
ww,
mx, my, and mz. The first two of these moments have the same
symmetry as the diagonal part of the traceless viscous tensorpij, and
the last three vectors are parts of a third rank tensor, with the
symmetry of jkpmn.

The corresponding components of the equilibrium moments,
which are functions of conserved moments (i.e., density � and
momentum j) are as follows [59]:
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The components of the source terms in moment space are
functions of external force F and velocity fields u, respectively, as
follows [66]:

Ŝ0 � 0; Ŝ1 � 38�Fxux � Fyuy � Fzuz�

Ŝ2 ��11�Fxux � Fyuy � Fzuz�; Ŝ3 � Fx
Ŝ4 ��2

3
Fx; Ŝ5 � Fy; Ŝ6 ��2

3
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Ŝ8 ��2
3
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Ŝ10 ���2Fxux � Fyuy � Fzuz�; Ŝ11 � 2�Fyuy � Fzuz�

Ŝ12 ���Fyuy � Fzuz�; Ŝ13 � �Fxuy � Fyux�

Ŝ14 � �Fyuz � Fzuy�; Ŝ15 � �Fxuz � Fzux�

Ŝ16 � 0; Ŝ17 � 0; Ŝ18 � 0

The components of the strain-rate tensor used in SGS turbulence
models can bewritten explicitly in terms of nonequilibriummoments
augmented by moment projections of source terms as [66]
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where

ĥ
�neq�
� � f̂� � f̂eq� � 1

2
Ŝ�; � 2 f1; 9; 11; 13; 14; 15g (A7)

where f̂�, f̂
eq
� , and Ŝ� are components of moments, their local

equilibria, and moment projections of source terms due to external
forces, respectively, which are given previously, and s� are elements
of the collision matrix �� diag�s0; s1; . . . ; s18� in moment space.
The expressions for the strain-rate tensor are generalizations of those
given in [65].
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